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Abstract. The Madelung potentials of an arbitrary volume point in 11 cubic crystals are
presented in terms of rapidly convergent series of the McDonald function, Atomic potentials,
orbital splittings and polarization energy are calculated for *A, fullerene anions ng in three
different fullerite cubic lattices doped by alkati metals for various orientations of the Cgy cage,

1. Introduction

The relative stability of crystalline phases of doped fullerides is currently attracting attention
and is determined by the energy differences of the order of 0.1 eV per cation {1]. Already
the simple purely electrostatic treatment in [1] ensures a correct qualitative description which
has been confirmed by further quantum-mechanical semiempirical consideration [2]. This
approach includes calculation of the Madelung energy of the corresponding ionic crystal
phase of point charges and a separate evaluation of the energy of the isolated fullerene
anion. However, because of the small energy differences involved and the large size of the
fullerene anions, inclusion of the lattice polarization effects seems to be necessary. Interest
in the alterations in the electronic structure of molecular ions entering the crystal lattice is
also characteristic of the theory of donor—acceptor crystals of the TTF TCNG type (see e.g.
[3].

For theoretical estimation of the lattice influence on a molecular ion, a reliable method
is needed to calculate the electrostatic crystal potential at an arbitrary point in the crystal
volaume, It should be mentioned that usually an accuracy of 0.1-0.01 eV is enough for
the Madelung energy [4, 5]. However, if the potential is used for the further calculation
of molecular wavefunctions, greater accuracy is needed. In particular, as will be shown
in section 3, differences in the polarization energies of fullerene anions are only a few
hundredths of an electronvolt for different orientations in the cubic crystals. Therefore, for
reliable estimation of these differences in total energies and for determination of the optimal
orientation, a much higher accuracy of the potential is required. It is essential that the partly
filled t;, threefold degenerate one-electron level of Cep does not split in some arrangements
of fullerere anions in the cubic lattices while in others it does, and this is important for
interpretation of the superconductivity of the doped fullerides.

Recently a convenient method for calculation of the potential geometrical factors with
an accuracy of 1075-107% has been proposed for the cubic lattice sites [6]. In section 2 we
simplify and generalize this scheme for an arbitrary point in the crystal. In section 3 the
method is applied to fullerene anions,
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2. Construction of the geometrical factors of cubic crystals from the geometrical factors
of the standard system

‘We start from the expression for the potential ¥ (g, z) at a point with cylindrical cocrdinates
2, 7 that is created by a system of alternating charges ¢ situated at a distance ¢ from each
other with the origin of the coordinate system at ¢ [6]; p and z are measured in units of
d:

g . -
Vip.2)=~0(p,2) =%§(-—1)k[p2+(k+z)2] v (1
The sum is expressed as
0(p,2) =4 Ko[n(2l - 1)p] coslm (2 — 1)z] @)
=1

where Ko(x) is the modified cylindrical function of the zeroth order (the MacDonald
function).

In [6], three systems of parallel lines of the above type have been considered which
intersect the orthogonal plane at vertices of a square net with period r:

r = ud. (3)
It should be mentioned that, for construction of the potentials of cubic lattices, in fact
it is possible to retain a single systemn (denoted in [6] by M) in which the charges in the

orthogonal plane alternate, while along the ‘vertical” lines their signs are constant, If the
potential of M at a point (x, y,2) is

Vix,y,z) =glx, y,z; u)q/d 4)

then the geometrical factor g(x, y, z; u) is

23] o _ 2
glx,y,z;u) = -3 Z {—-1)* ZKOI:(ZE - l)w\/(x -2 4+ (ZTI) ] cos[(2! — Day].

S I=—c0 =1
(3)

On account of the symmetry and periodicity of system M (figure 1), g(x, y, z; ) fulfils the
identities

gl=x,y,ziu) = glx, ~y. z;u) = glx, y, —z;u) = g(x, ¥, 27 1)

gxxl,y,z;uy=glx, yxlLz;u) =glx,u,zE L u)=—glx,y,2; 4) ()

&glx, y,z; u) = gy, x,z; ).

These mean that calculation of a potential in an arbitrary point of the crystal volume is
reduced to determination of the electric field inside the prism AFEMNL (figure 1). The
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Figure 1. The main points of the cubic wall,

conditions (6) impose some identities on the MacDonald function which are not considered
here.

The possibility of restricting the choice of the system M can be illuminated by
decomposition of the NaCl lattice into two systems M mutually displaced by %R along
the z axis where R is the lattice constant. The elementary charges placed in the origins of
each system are opposite. Symbolically this decomposition may be written as

LR, ) = Ma(R, Lu) — Mu(R, 1u) (7D

where L and M designate specific periodic point charge distributions. The arguments at M
are the corresponding constants & and u whereas the subscript indicates the position of the
origin according to figure 1. As a result, it immediately follows for the geometrical factor
A{x, y,z; u) of the NaCl lattice that

2h(x,y, z: u) = glx, y, 52 gu) — g(x, ¥, 34z + 1)/}u). (8)

On the other hand, the second system LY (d, ) used of alternating planes of identical
charges within the plane can also be formed from two M-systems rotated by 45° around the
axis x, which is directed along the basis straight lines of alternating charges. In two cases
i =1 and u = 2 which are needed for construction of the cubic crystal potentials we have

L5(d, 1) = Ma:(d, v2) + Me..(d, V2)
L, 2) - LE)d,2) = Mpx(2d, D) 9)
L, 2) + L‘*’(d, 2) = M. (2d, 1/2) + Mg . (2d, 1/7/2)

where the second subscript denotes the direction of the constituting lines of alternating
charges in the corresponding system. From these the geometrical factors f(x. y, z; u) of
the L™-system are

fey ) =g+, 3 -».x:v2) + gl +z -1 3z -y + 1), 5 V2)
af(e,y, ) =g(y+iz,dz— ¥, 5 UV2) + gy + 3z — 1, 1@ + Dy, x1 1/v2) (10)
+2(2y, 2, %5 3)
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and also
glx, vz ) =27(3%.2, % 2) =27 (3(x — 1), z, 3 2). (11)

Equations (8) and (10) allow one to calculate the electrostatic potential at an arbitrary
point of any cubic crystal in terms of the rapidiy convergent series (5) (except in the close
vicinity of lattice sites for large ). The results of {6] for the site potentials are particular
cases of equations (8), (10) and (11). For large « it is convenient to use directly the factor
f(x, y, z; ) which can be calculated by means of

Feyzuy= Y Y Kolw@l - Duy/G =P+ — 17 | coslm@ - 2l (12)

S t==—00 {=]

With these preliminaries, construction of the potential for cubic crystals is very simple
and reduces to decomposition of the real crystal into systems M {or L), In fact, suitable
constructions have already been used in [6]. They are shown in the third column of table 1.
It is convenient to start with the NaCl, perovskite and CsCl systems, The subsequent
systems are formed from those already mentioned which are properly shifted (their origins
are given according to figure 1) and compressed. It seems that there is no need for special
comments for the third column. Maybe it is worthwhije to mention only that the equation
fot the zincblende lattice ZnS is a consequence of

LA(ZnS) + Ls(NaCl) = L', (ZnS) La(ZnS) + L), = L(CaFy) (13)

where L'(ZnS) denotes the ZnS lattice with full and empty small cubes interchanged. The
lattice compositions containing fullerepe (Cgg) have been described in [2, 6].

When the lattice has been built, equations (8), (10} and (11} act and give the fourth
column in table 1 where the geometrical factor v(x, y, z) of a corresponding latiice is given,
The potential in terms of v{x, ¥,z) is

Vix, ¥, z) = (eQ/R)U(x$ e z) (14)

where g is the smallest charge on lattice sites in units of electron charge —e. The values
of g are given in the second column. The origin of the coordinate system is at A and an
ion of charge kg of the same sign as that of g is located at A. The integer constant & is
determined by the lattice structure. For instance, it is equal to 2 for Ca in CaF,, to 1 for
Zn in ZnS, to 3 for Cgp in Al5, to 2 for Bi in BaBiQ;s, etc.

3. The molecular ion as an element of a crystal lattice

To illustrate the above method, we shall calculate the polarization energy of a molecular jon
which appears from the non-zero gradient of the crystal field in a cubic lattice. Clearly this
energy incremeat is important only if the volume of the molecular ion is large, i.e. the case
of doped fullerides. As was mentioned in the introduction, the relative stability of different
crystal phases of Cgy doped by alkali metals is satisfactorily described by the sum of the
free anion CZ; energy E and the Madelung energy of this anion {1]:

E — kge®v(0,0,0)/R (15)
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where v(0, 0, 0) is the geometrical factor of the CZ;" crystal site coinciding with the centre
of the fullerene cage (A in figure 1). Let us calculate the potential which acts on an electron
in the vicinity of this centre. Since the centre is empty, we must subtract the contribution
of the charge gk of the site A from the total crystal potentiai;

ge [u(x,y,z) —ky/x¥+ yz—l-zz] /R (16)

because, by definition, the geometrical factor (equations (1) and (5)) contains contributions
from all point charges including that at the site A, In equation {16), x, », z denote the
electron coordinates in units of R with the origin at A.

A characteristic feature of our model is a detailed consideration of the ion whose
wavefunction is to be calculated while all remaining crystal ions act on the chosen
wavefunction as point charges. At the same time the initial approximation (15) means
that the Cgg anion is considered in a crystal also as a point anion, i.e. the constant potential

equ{0,0,0)/R (17

acts on each particle within this ion. Thus, in order to obtain the pofarization correction
to the energy (15) directly from the calculation of a separate CZ; ion by means of some
molecular program, the difference between equations (16) and (17) should be added to the
electron energy operator in the Hartree-Fock molecular Hamiltonian:

Valx,y.2) = —q¢° [v(x, ¥,2) =k/vx?+ yr + 22 — (0,0, 0)] /R, (18)

Naturally, equation (18) vanishes for x? + y? + z? approaching zero since by definition of
v(0, 0, 0) {6] the Coulomb singulasity is excluded from v(0, 0, 0). Finally, the total crystal
energy in the proposed approximation is 2 sum of two parts: the standard Madelung energy
of point charges at lattice sites and the internal energy of polarized molecular ions.

As an example, let us calculate the potentials of different fullerene atoms and the
polarization energy of fullerene in a cubic lattice doped by an alkali metal. Three orientations
of fullerene relative to cubic axes are discussed. Fullerene may be imagined as six mutually
bonded naphthalene carbon cores which are slightly bent around the central bond. In the
first orientation (a) these six ‘butterflies’ lie on the six coordinate half-axes passing through
the middle of the central bond. There are only three unegual atomic potentials for three
inequivalent ‘naphthalene’ atoms in this arrangement of fullerene. As a result the threefold
degeneracy of representation ty, of the icosahedral group is conserved. It is this level which
is half filled in the ng anion (table 2),

In the second orientation (b) the fivefold rotation symmetry axis of fullerene coincides
with the z axis, and the zy plane is the symmetry plane of the pentagons orthogonal to z.
Here 16 different atomic potentials appear, 14 of which are repeated four times and two
appear twice (only the two last and the largest in absolute value of the rest are presented in
table 2). The remaining 13 are given in the footnotes to the table.

The third [7] orientation is suitable only for the FCC lattice where it means that the
common bond of naphthalene hexagons is sitwated in front of the pentagon centre of the
adjacent fullerene. According to [7] this position is favourable for intermolecular interaction
in the neutral Cgp crystal. However, as is seen from table 2, this is not the case for the
ionic crystal.

It is worthwhile to mention that, in the second case (b), the degeneracy of the ty, level is
completely removed whereas, in the last orientation (c) with six different atomic potentials,
the twofold degeneracy continues to exist.
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Calculation of the ionic states has been performed by the same Roothaan open-shell
version of the Hartree—Fock method as was used for free fullerene and described in detail
in [2), In the present work the crystal field (18) was included according to equation (18) in
the diagonal of a molecular Hamiltonian,

4. Conclusion

A method for calculation of the lattice electric field at an arbitrary point of the ionic cubic
crystal volume (an ‘empty’ as well as a node volume) with an accuracy of 10~7 is proposed
and applied to fullerides. It is shown that local potentials at carbon atoms differ significantly
owing to the high anisotropy of the crystal field at intermediate distances from the lattice
sites. As a result, the degeneracy of one-electron levels of the fullerene ions and their
polarization energy become dependent on the mutual orientations of the molecular and
crystal symmetry axes. The polarization energy per cation is highly sensitive to the crystal
symmetry and in the BCC system the polarization shift of the #A, fullerene term becomes
comparable with the total energy difference between different cubic phases obtained in
the same approximation {2]. In contrast with ionic polarization in a homogeneous field,
the polarization energy in the FCC phase with small distances between ng may achieve
positive values for some orientations of the ions.
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